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Abstract Let K he a compact Lie group with complexification G. We con- 
struct by geometric methods a conjugation invariant gerbe on G; this then gives by 
restriction an invariant gerbe on K. Our construction works for any choice of level. 
When K is simple and simply-connected, the level is just an integer as usual. For 
general K, the level is a bilinear form 6 on a Cartan subalgebra where b satisfies a 
quantization condition. 

The idea of our construction is to first construct a gerbe on the Grothendieck 
manifold of pairs {g, B) where g & G and S is a Borel subgroup containing g. 
Then the main work is to descend that gerbe to G. There is an interesting torsion 
phenomenon in that the restriction of the gerbe to a semisimple orbit is not always 
trivial. 

The paper starts with a discussion of gerbe data and of gerbes as geometric ob- 
jects (sheaves of groupoids); the relation between the two approaches is presented. 
The Appendix on equivariant gerbes discusses both points of view. 

AMS classification: 58H05, 22E67, 81T30, 14L30 



0. Introduction 

Gerbes are higher analogs of bundles. The gerbes we consider here are the so- 
called DD gerbes (for Dixmier and Douady), and they are analogs of line bundles. 
General gerbes were introduced by Giraud [Gi] for the purpose of his theory of 
degree 2 non-commutative sheaf cohomology. The differential geometry of DD 
gerbes was developed in the book [Brl], where the analogs of connection and 
curvature were introduced. In particular, the curvature O of a gerbe is a 3-form, 
called the 3-curvature. This 3-form is quantized in the same way as the curvature of 
a line bundle is quantized. Gerbes are classified by their 3-curvature up to so-called 
flat gerbes. The methods of [Brl] are sheaf-theoretic. Gerbes can be obtained 
from an open covering (Vq,) and from line bundles (Aq,^) on overlaps Vq/j together 
with trivializations of Aq,^ ® A^^ ® A-y^ over Vc^p-y. This point of view was first 
introduced in [Brl] for the example of covered by two balls, in connection with 
the magnetic monopole. It was developed systematically by Chatterjee [Ch] and 
Hitchin [Hi]. The relation with (smooth and holomorphic) Deligne cohomology is 
discussed in [Brl]. 

One of the first instances of gerbes occurs on a simple simply-connected com- 
pact Lie group K. We have the well-known normalized Cher n- Simons 3-form u 
on K, and it is proved in [Brl] that there is a completely canonical gerbe C on 
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K with 3-curvature = 2'Kii'. We gave an explicit construction ^)f^this gerbe in 
[Brl] using the path-fibration PK K and the central extension Q.K of the based 
loop group Q.K. One can view this gerbe as a geometric realization of a class in 
smooth Deligne cohomology (or equivalently, the group of differential characters of 
Cheeger-Simons) . 

However for a number of reasons it is very interesting to have a geometric 
construction of the gerbe C on which only invokes finite-dimensional geometry. 
One reason is that one fundamental use of gerbes is to construct line bundles over 
the free loop space and in particular central extensions of loop groups [Brl] [Br- 
ML]. This is a good reason to want a description of the canonical gerbe C which 
does not use the central extension of VtK. Another motivation is the theory of 
group valued moment maps introduced by Alekseev, Malkin and Meinrenken [A- 
M-M] , which is closely related to the canonical gerbe on a compact Lie group. This 
theory really belongs to finite-dimensional geometry. Indeed Alekseev, Meinrenken 
and Woodward show how to use group valued moment maps to study hamiltonian 
actions of loop groups with proper moment map and obtain index formulas [A-M- 
W]. There is a description of a gerbe over the complexification G oi K which uses 
the Bruhat decomposition of G into double cosets BwB where S is a Borel subgroup 
of G. Such a description is implicit in the paper [B-D] where certain cohomology 
classes are constructed in algebraic K-theory. According to [Br2], these classes 
yield holomorphic gerbes. The ensuing gerbe on G is manifestly equivariant under 
left translation by B. The point of view here is that one gets stronger results by 
constructing a holomorphic gerbe on G; given a gerbe over G one can simply restrict 
it to K to get a gerbe on K. 

Here we also use the complexification G and construct a holomorphic gerbe 
over G. Our method is to use an auxiliary manifold (5, called the Grothendieck 
manifold, which is the set of pairs {g, B) where S C G is a Borel subgroup and 
g & B. We have a projection map q : G ^ G whose fiber over g is the variety of 
Borel subgroups which contain g. Our method is as follows: first we start from some 
combinatorial data, which is an element b e X*(T) (g)X*(T), where T is a maximal 
torus in G and X*{T) is the character group of T. From this combinatorial data we 
easily construct some gerbe C over G. The idea is that there are natural mappings 
from G to the complete flag manifold G/B and to T. Thus one can pull-back to 
G characters of T and equivariant line bundles over G/B. Then there is a natural 
cup- product construction which creates a gerbe C over G, which has an explicit 
description by gerbe data. Then we want to descend C to a gerbe on G. The 
idea is the following. First over the open set G'^^^ of regular semisimple elements, 
the mapping G — » G restricts to give a Galois covering whose Galois group is the 
Weyl group W. If we assume that b is M^-invariant, then we can construct a gerbe 
over G^®^ by descent. Now we need to extend this gerbe to all of G. This is done 
in several steps, assuming that b{a,a) is even for all coroots a; first we extend C 
across some divisors, by reducing the problem to the case of SL{2, C) (§3 and 4). 
Then (§5) we have to handle codimension 2 subvarieties by cohomological methods. 
We also obtain a 0-connection on our gerbe C. We don't have explicit data for the 
gerbe C, because we have to use abstract processes to descend it and extend it. 
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Instead the gerbe is constructed as a sheaf of groupoids. The construction of the 
next differentiable structure (a so-caUed 1-connection) is still conjectural. 

Our construction is in fact more general in that we consider an arbitrary 
complex reductive group G (for instance GL(n, C)), and we construct holomor- 
phic gerbes on G which are equivariant under some auxiliary group i?, which is 
only equal to G up to center. The combinatorial data then becomes a tensor in 
X*{S) ® X*{T), where S' is a maximal torus in H. 

It is interesting to restrict the equivariant gerbe C to the conjugation orbit of 
some g E G. The obstruction to the triviality of the restricted gerbe is a central 
extension of the centralizer group. This is discussed in §7 for semisimple elements, 
where an explicit cocycle is given for the extension. Outside of SL{n, C) the central 
extensions can be non-trivial, and this is an obstacle to constructing equivariant 
gerbe data for our gerbe in general, as Alekseev, Meinrenken and Woodward were 
able to do for SL{n). 

We have included in the first section an exposition of the DD gerbes and 
their differential geometry. First we expose the basics of the gerbe data in the 
sense of Chatterjee [Ch] and Hitchin [Hi] . This has the advantage of being very 
concrete and explicit. However for this paper we need to use the more general 
and abstract formalism of [Brl] based on sheaves of groupoids so we discuss that 
next, including the differential geometry, and we give a brief comparison between 
the two approaches. We intend to soon write a more detailed account of this in an 
expository paper. 

The equivariant gerbes are discussed in an Appendix, starting from the gerbe 
data approach and then leading to the sheaves of groupoids. 

The second section gives a discussion of the geometry of the manifold G and 
of its very interesting cohomology. Particularly noteworthy is the fact that we have 
H*{G) = H*{G)^ for cohomology with rational coefficients. 

It is a pleasure to thank Anton Alekseev, Pierre Deligne, Johannes Hueb- 
schmann, Eckhard Meinrenken and Victor Guillemin for many useful discussions. 
In particular Alekseev and Meinrenken informed me about their recent works on 
hamiltonian reduction for loop group actions and told me about their construction 
of a gerbe on the unitary group. 

1. Gerbe data versus gerbes 

First we discuss gerbe data in the sense of Chatterjee [Ch] and Hitchin [Hi]. 
Gerbe data on a manifold M consists of the following: 

1) an open covering (Vq,) of M; 

2) a family of line bundles Aq,/? V^p such that Ao-a = 1 is the trivial line 
bundle 

3) an isomorphism Uap '■ A^^^^Af^a such that, viewed as a section of Aap ® 
Aj3a, <^ai3 is Symmetric in (a, /3) 

4) for each a, 7, a non- vanishing section Oap'y of the tensor product Aq,/? <S> 
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A^^ (g) A^Q, over Vapj satisfying the cocycle condition 

9/3yS ® Oaf 6 ® OapS ® 6*0/37 = ^ 

over Vctp-yS- Note this makes sense as the quadruple tensor product is easily seen to 
be a section of a trivial line bundle. We require that ® up^ u^a transforms 
0af3f into e^^^. 

It is of course important to know when two gerbe data are equivalent. The 
notion of equivalence is generated by two types of operations. The first operation is 
simply restriction to a finer open covering. The second type of operation is a kind 
of gauge transformation. There are actually two kinds of gauge transformations 
acting on gerbe data for a fixed open covering {Va). Firstly, while keeping the line 
bundles A^p fixed, we can pick smooth functions ha/3 '■ Va/3 — > C* and change da/Sf 
to hpyh~}^hai30af3y Secondly, we can introduce auxiliary line bundles over Va 
and change the line bundle A^p to A^^ = Ea (8) A^/s ® E®~^] then the triple tensor 
product A'^p® A'p^ ® canonically isomorphic to A^^ ®Ap^ A^^, so we take 
the same OaPf, now viewed as a section of A^^ ® A'^^^ ® ^'^a- Then two gerbe data 
are equivalent if they are related by a sequence of the various operations we just 
discussed. 

It is useful to single out the criterion for a gerbe data (Aq,^, 9af3f) to be trivial. 
This means that we can find line bundles E^ over Vq,, and isomorphisms E®~^ ® 
Ej3^Aa/3 over Va/3 such that Ua/3 is the obvious isomorphism and 9a/3'y corresponds 
to the section 1 of the trivial line bundle 

[E'^-' ® E^] ® [E^-^ (g) E^f-' ® [E^-^ ® Ep]. 

Very often, as in [Hi] , we will not include Uap explicitly in the gerbe data. 

However perhaps it is clearer to view the notion of equivalence of gerbe data 
in terms of tensor products of gerbe data, which we discuss next. 

Given two gerbe data on M, we can first of all refine the open coverings used 
to define them so that they become the same. Then we are in the situation of an 
open covering (Vq.) and two gerbe data {Aap,9a/3j) and (Map, PaPj)- Then their 
tensor product is the data {Aap ® Map, Oap-y ® PaPj)- The inverse of the gerbe data 
{Aap,9apf) is simply {A%\9^^^'). 

Then two gerbe data {Aap, Oap-y) and {Map, Pa/s-y) over the same open covering 
are equivalent if the data {Aap (8) M^^'^, Oap^ ® P^p^) is a trivial gerbe data. 

One nice feature of gerbe data is that it is very easy to pull them back by an 
arbitrary smooth mapping f : Y ^ M: one simply introduces the open covering 
f~^Va of Y, together with the pull-back line bundles f*Aap and the pull-backs of 
the Oapy 

Then there is the notion of a 0-connection. This is given by a family of connec- 
tions Dap on the Aap, such that Uap is compatible with the connections and Oap-y 
is horizontal with respect to the tensor product connection on Aap (S> A^-^ C?) A^^q,. 
Our two kinds of gauge transformations for gerbe data can be extended to the 
0-connections. The first type of extended gauge transformation depends on func- 
tions hap '■ Vap C* as before; besides transforming Oap-y into hp^h~}^hap0a/3-y, 
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the connection D^fs is transformed into Dq,^ + dlog{hai3)- The second type de- 
pends on auxihary hne bundles -Bq equipped with connections Va; then when A^^ 
is changed to A^^ = A^,^ ® E^~^, the new hne bundle acquires the tensor 
product connection Va + Da/3 — V^. 

Next we have the notion of a 1-connection. This consists of 2-forms on Va 
such that 

F/3-Fa = Curv{Dap), 

where Curv{Daf3) denotes the curvature of Dap. Then only the second kind of 
gauge transformation acts on the 2-forms, transforming into F^ + Curv{Da)- 

Given a 1-connection, we obtain a global closed 3-form Q such that ^/Va — 
dFa- This 3-form is called the 3-curvature. 

Theorem 1. [Brl] The 3-curvature Q, is quantized, i.e., the periods of 
{2tti)~^Q. are integral. Conversely, every quantizable 3-form occurs as the 3-curvature 
of some gerbe data. 

The cohomology class is (when H^{M, Z) has no torsion) the only obstruction 
to the triviality of the gerbe data. 

Let us consider the question of classifying the equivalence classes of gerbe 
data over M. By picking a fine enough open covering, we may assume that all line 
bundles Aq,/j are trivial, in which case we have Oajj-y — Qa/S-y where ga/s-y '■ Va/s-y —>■ C* 
is a Cech 2-cocycle with values in the sheaf C* of smooth C*-valued functions. Then 
we have 

Proposition 1. The equivalence classes of gerbe data over M are classified 
by the Cech cohomology group H'^{M,C*) = H^{M,Z). 

The point here is that when the Aap are trivial, the only gauge transforma- 
tion we can still use on gerbe data is gafS^y ^ gai3'yhpr^h~}^hai3i which amounts to 
multiplying the Cech cocycle (gajS-y) by a coboundary. 

Wc now consider gerbes with 0-conncctions: as A^p is the trivial line bundle, 
the connection Dq,^ is simply a 1-form Aa)3. These 1-forms satisfy 

Aap + Ap^ + A^a = d\og{gapj). 

This means that the pair {ga/s-y, A^p) is a Cech cocycle with respect to the com- 
plex of shaves C*'^^^A]^, where A]^ is the sheaf of 1-forms on M. The gauge 
transformation 

{gaP-y, Aa/3) 1-^ {gaP-yhi3-yh~}^hai3, Aa/3 + dlogha/s) 

corresponds to a Cech coboundary. Thus gerbe data with 0-connection are param- 
eterized up to equivalence by the Cech hypercohomology group 
This is the smooth Deligne cohomology group H^{M, Z{2)'^); see [Brl] and [D-F] 
for smooth Deligne cohomology groups and their relation to classical field theory 
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Similarly given gerbe data with 0-connection and 1-connection, one obtains 

Cech cocyclc {goip-y, ^ap, F^^) which is unique up to a coboundary. Thus gerbe 
data equipped with 0-connection and 1-connection are classified by the Cech hy- 
per cohomology group H'^{M,C*—^A]^ — ^^^Im)- Again this is a smooth Deligne 
cohomology group. 

As concrete and fiexible as the formalism of gerbe data is, it does have some 
limitations. First of all, it may hard to manipulate in situations where it is not 
possible to work with a unique open covering. For instance, when a group action is 
present and we look for equivariant gerbes, it will not always be possible to work 
with invariant open sets (see Appendix). Secondly, it leaves open the question of a 
geometric interpretation of what lies behind the gerbe data. In other words, if we 
view gerbes as the higher analog of line bundles, what takes the place of the total 
space of a gerbe? 

Although there is nothing like a manifold intrinsically associated to a gerbe, 
there are plenty of geometric objects which arise when we think of the gerbe data 
{A(yf3, (f)ai3,^aP'y) stS instructions to solve a geometric construction problem. The 
problem is to trivialize the gerbe, which means to find line bundles over Vq,, 
and isomorphisms i/joip '■ E®~^ ® Ep-^Ag^p over Vap such that Oap-y corresponds to 
the section 1 of the trivial line bundle 

[E^-^ (8) E^] (8) (8) (8) [E®-! (8) Ep]. 

The problem is that if the gerbe data is not trivial, there is no solution, so we are 
dealing with an insoluble construction problem. However, we can solve the problem 
at least locally, over some small enough open set U of M. This means that the line 
bundles Eot are defined over the intersection U nVa and the isomorphisms 0^/3 are 
defined over U fl Vap- 

Then what takes the place of a total space for a gerbe is the collection Cu of 
all such data (Ectji^ap) as U ranges over all open sets in M. In this collection, it 
would be a fatal mistake to identify all isomorphic objects. Indeed, it is essential to 
keep precise track of how objects of Cu restrict to smaller open sets and conversely 
how we can glue together objects of Cj/. into an object of Cu, when (C/j) is an open 
covering of U. For thus purpose, we need to take full account of the inner structure 
of Cu- it is not just a collection of objects, but we have the notion of isomorphism 
of objects. Thus each Cu is a groupoid (i.e., a category where each morphisms is 
invertible), and we can view the collection of all Cu as a sheaf of groupoids over 
M. This means that for V C U we have a restriction functor Cu Cy (usually 
denoted on objects of C[7 by P i— > P/v), and if (Ua) is an open covering of some 
open set C/, it amounts to the same to give an object of Cu or to give objects Pq, of 
Cua together with transition isomorphisms 

-ipap ■ [Pp]/Uo.f,^[Pc.]/Uo.f, 

with ipcip = V'^a' which satisfy the cocycle condition ipapi^pji^ja = Id. 

We refer to the book [Brl] for a full discussion of sheaves of groupoids, which 
are essentially the stacks introduced by Grothendieck around 1961. A sheaf of 
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groupoids is called a Dixmier-Douady gerbe (or DD-gerbe) if it satisfies the follow- 
ing: 

1) all objects of Cu are locally isomorphic; 

2) for any x e M, there is an open set U containing x such that Cu is non- 
empty; 

3) for any object P of Cu, the automorphisms of P are exactly the smooth 
functions U ^ C* . 

We have seen how gerbe data leads to such DD-gerbes. Hereafter, when we 
talk about gerbes, we always have in mind DD gerbes. Next we explain briefly 
how a gerbe leads to gerbe data. Given two objects Q,R of some Cu, the isomor- 
phisms between Q and R are the sections of some C*-bundle Isom jQ, R). This 
follows from axioms 1) and 3). Using axiom 2) we can find an open covering (Vq) 
and objects Pa G Cy^- Then over Va/s we have the line bundle Aq,^ associated 
to the C*-bundle Isom iPB, Prv)- Then the composition law for isomorphisms im- 
mediately yields the isomorphism Ua/3 as well as a non-vanishing section 9af3y of 
Aq;/3 <S> A^^ (8) A^Q,. The notion of gerbe gives a geometric explanation for the two 
types of gauge transformations on gerbe data. The first type, corresponding to 
functions ha(3 ■ Vaf3 C* amounts to keeping the objects Pa and the line bundles 
Aa/3 fixed but changing the isomorphisms 4>ai3 '■ ^ai3\ (0 — section) -^ Isom iPfi, Pa) 
by multiplication by ha/s- The second type, given by line bundles Ea, consists in 
changing the objects Pa to Pa (E) Ea by twisting so that Aq,^ = Isom (Pn, Pn) is 
changed to Isom{Ep ® Pp^Ea® Pa) — Ea® Aai3 ® E^^. 

See [Brl,Chap. 4 and 5] for a detailed discussion of gerbes and degree 2 
cohomology as well as many examples. 

We have seen that gerbes and gerbe data (up to gauge equivalence) are es- 
sentially equivalent notions, and one can go back and forth between the two. It 
is interesting to note that geometric situations where gerbe occur usually lead di- 
rectly to a gerbe, and only secondarily to gerbe data, after some auxiliary choices 
are made. This is the case for a principal G-bundle Q — > M, when we are given a 
central extension G of G hj C* . Then the objects of Cu are the principal G-bundles 
over U which lift Q/u- The gerbe data appear when we pick liftings Qa Va', 
then we have Qp = Qa ® for a unique line bundle Aq,/3, and the construction 
automatically yields the section Oafi-y The case where G is the group of invertible 
linear transformations in a Hilbert space, and G is the projective linear group, is 
studied in depth in the article of Dixmier and Douady [D-D]. This explains the 
name: Dixmier-Douady gerbes. The book [Brl] presents another example, where 
G is a generalized Heisenberg group in the sense of Weil. 

The trivial gerbe is still interesting to think about, as it has lots of structure 
and is the local model for non-trivial gerbes. The objects of Cu are line bundles 

over U , and isomorphisms are line bundle isomorphisms. Equivalently, we can think 
of the objects of the trivial gerbe as being C*-bundles. As soon as a gerbe has an 
object over some open set, its restriction to that open set becomes trivial. More 
precisely, we have: 
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Proposition 2. (l)Given a DD gerbe C over M , for each open set U of M, 

and for any given object P of Cu we have an equivalence of categories between Cu 
and the category of 'C* -bundles over U , given on objects by Q ^ Isom jP, Q). 

(2) If Cu is not empty, its objects are classified up to isomorphism by the group 
i?2(t/,Z). 

Thus for any line bundle L ^ U and for any object P of C, we have a well- 
defined twist P(8)L of P by L such that Isom jP, P®L) is the C*-bundle associated 
to L. This can be constructed by explicit gluing as follows. Let {gap) be some 
transition functions for L, with respect to some open covering Ua of U . Then gap 
gives an automorphism of P over Uap, which satisfies the cocycle condition, hence 
can be used to construct an object of Cu- 

The notion of equivalence of gerbes is also very natural from the point of view 
of sheaves of groupoids. Thus if C and V are two DD-gerbes on M, an equivalence 
(j) : C ^ V oi gerbes is a family of functors Cu Vu (for U an arbitrary open 
set in M) which is compatible with restriction to smaller open sets. Given such 0, 
each (pu is an equivalence of categories by Proposition 2 (2). 

We next discuss the tensor product C^V of two DD gerbes. The tensor product 
gerbe is such that if P is an object of Cu and Q is an object of Vu, then there is a 
tensor product object C ® D in [C ®V]u- We want any automorphism of C or of 
D to induce an automorphism oiC and these automorphisms should coincide. 
However, such tensor products of objects do not give enough objects to have the 
gluing properties of a sheaf of groupoids, so one needs to add more objects by 
gluing as follows. Let {Ua) be some open covering of U over which we have objects 
Pa e Cu^ and Qa e Vu^. Assume wc have isomorphisms 4)^(5 : [P(3\/u^0^[Po\/u^p 
and "(pafi '■ [Ql3\/Uaf3~^[Q'y\/Uaci3- assume that the (^^fi and the V'a/? satisfy 

the cocycle condition; instead we require that the defects of the cocycle condition 
compensate each other, in other words if we have (jiap ® 0/37 ® (pja — Cce/Sy, we 
require that ipap ® V'/Si ® '^■ya = Then we postulate that the objects Pa ® Qa 

can be glued together, via the transition isomorphisms (f)ap ® i^ap, to an object of 
[C 0'D]u- This gives enough objects in the category [C 'S)'D]u so that it is a DD 
gerbe. 

The inverse C®~^ of a gerbe C has objects over U given by the gerbe equiv- 
alences from C to the trivial gerbe. Thus there is an equivalence of gerbes from 
(g) (3 to the trivial gerbe, given by evaluating an equivalence of gerbes on an 
object of C. 

The operations of tensor product of DD gerbes and inverse of a gerbe corre- 
spond to the group structure on ii/'^(M, C*) (cf. Proposition 1). 

It is harder to define the pull-back of a gerbe than the pull-back of gerbe data. 
For a smooth mapping f : N ^ M and for a gerbe C on M, the pull-back gerbe f*C 
is characterized by the fact that any object P e Cu yields an object of /-!([/)• 
The construction of f*C involves several steps, and we only give an outline. We 
can first use the procedure for pulling back a sheaf of groups. Thus for V open 
in N, one can define the category Vy to be the direct limit of the categories Cu, 
where U runs over open neighborhoods of f{V) C M. There are two problems 
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with this construction. First the automorphisms of objects are wrong: they are 
functions from open subsets of M to C*, rather than from open subsets of to C*. 
One remedies this problem by formally enlarging the isomorphisms in T) so that 
the automorphism group of any P G Vy is equal to the group of smooth functions 
y — > C*. Secondly there are not enough objects: one needs to add objects obtained 
by gluing objects defined on an open covering (V^) oiV d N , together with gluing 
data using the enlarged notion of isomorphisms. After this second step, one gets 
a DD-gerbe on N . We refer to [Brl, §5.2] for details of the construction of the 
pull-back. 

The and 1-connections take a different meaning in the context of gerbes 
viewed as sheaves of groupoids. A 0-connection becomes what we call a connective 
structure in [Br 1]: this associates to any object P G Cjy a sheaf Co{P) on which the 
complex- valued 1-forms operate "locally simply-transitively" . In more details, 
for any open set C/, the set A^{U) of 1-forms on U operates on the sections of Co{P) 
over U. For any x G M , there exists U 3 x such that for any x & V QU , Co{P){V) 
is isomorphic to A^iV)^ where A^{V) acts on itself by translations. One says that 
the sheaf Co{P) is a torsor under the sheaf A\^ of 1-forms. The trivial example is 
the trivial 0-connection on the trivial gerbe. Then an object over U is a line bundle 
L ^ U, and Co{L){U) is defined to be the set of connections on the line bundle L. 

For instance, if C is the trivial gerbe, then P is a line bundle and we can take 
Co{P) to be the set of connections on the line bundle. If we consider the gerbe 
attached to a principal G-bundle Q ^ M and a central extension G of G, then we 
get a connective structure once we fix a connection on Q; then for an object Q ^ U 
of Cu, the sheaf Co{P) is the sheaf of connections on Q which lift the connection 
on Q 

Then a 1-connection becomes what is dubbed curving in [Brl] . This associates 
to a section V of the sheaf Co{P) some 2- form -fC(V) (called the curvature of V), 
in such a way that 

K(W + a) = K(y) + da 
for any 1-form a. Then the 3-curvature becomes the 3-form f2 such that = 

dKiy). 

The notion of curving lead to the interesting notion of flat object of a gerbe. A 
flat object of C over U is an object P of Cu equipped with a section V of the sheaf 
Co{P) such that K{V) = 0. Such a flat object can exist only if the 3-curvature Q, 
vanishes. If this is the case, flat objects exist locally. From the point of view of gerbe 
data, gerbe data (Aq,^, (pap-, dafS-y) are flat if the line bundles Aap are flat and the 
(pafS and Oap-y are horizontal. Flat gerbes are classified by the cohomology group 
i?^(M, C*). Indeed if we pick an open covering {Va) and a fiat object (Pa,Va) 
over each V^, as well as isomorphisms i/ja/s '■ Pp—^Pa which carry Vyj to Vq., then 
= P'y'^^ya is an automorphism of P^ which maps V-^ G Co{P^) to itself; 
this implies that Oafs-y is (locally) constant, hence yields a Cech cohomology class 
in H^{M, C*). If we fix the 3-curvature O of a DD-gerbe, then the DD-gerbes with 
and 1-connection whose 3-curvature is Q differ from one another by tensoring by 
a ffat gerbe: hence they are parameterized by H'^{M, C*). 
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Curvings also occur in the geometric interpretation of the group-valued mo- 
ment maps of [A-M-M] in terms of gerbes. This goes roughly as follows: we 
suppose given on the compact simple Lie group K a gerbe C together with and 
1-connections, whose 3-curvature is 27ri times the Chern-Simons form. Given a 
smooth i^-action on the manifold M and an invariant 2-form a; on M, a group- 
valued moment map is a i^-equivariant mapping n : M ^ K (where K acts on 
itself by conjugation), together with an object P of the pull-back gerbe fi*C and a 
section V G Co{P) such that K^V) = u. There is an extra condition in [A-M-M, 
Def. 2.2], which has to do with the object P and V being K-equi variant. 

In this paper we will mostly deal with holomorphic gerbes over a complex 
manifold M. This means, in terms of gerbe data, that the line bundles Aq,^, the 
isomorphisms 4>ai3 and the sections ^0/37 are holomorphic. In terms of gerbes, a 
holomorphic gerbe is a sheaf of groupoids C such that the group of automorphisms 
of an object P of Cu is the group of holomorphic functions C/ — > C* . A holomor- 
phic gerbe data yields a standard smooth data by simply forgetting that the data 
{^ai3i (I>ai3i ^a/Sy) are. From the point of view of sheaves of groupoids, a holomorphic 
gerbe yields a smooth gerbe by first extending the isomorphisms between objects 
to accept smooth functions to C* as automorphisms, and then adding new objects 
obtained by gluing with the help of the new automorphisms. Similarly we have 
the notion of a holomorphic 0-connection, meaning that the connections D^p on 
the Aq,^ are holomorphic. On the side of sheaves of groupoids, one needs to attach 
to each object P of any Cu a torsor Cohoi{P) under the sheaf Q]^ of holomorphic 
1-forms. The one recovers the torsor under the sheaf A\f of smooth 1-forms by 
enlarging the torsor Cohoi{P) accordingly. For 1-connections to be holomorphic, 
one requires the corresponding 2-forms to be holomorphic. 

The classification now involves Cech cocycles gap-y which are holomorphic. In 
other words, they are Cech 2-cocycles with values in the sheaf O]^ of invertible 
holomorphic functions. Thus equivalence classes of holomorphic gerbes are clas- 
sified by the Cech cohomology group H'^{M, O*). Similarly, holomorphic gerbes 
with holomorphic 0-connection are classified by the Cech hypercohomology group 
H'^{M, 0*^^fl\[), and holomorphic gerbes with holomorphic and 1-connections 
by the Cech hypercohomology group H'^ {M , O* — ^^m)- These are (holo- 
morphic) Deligne cohomology groups; see [Brl] [Br2] for details. 

2. The Grothendieck manifold 

Let G be a connected reductive algebraic complex Lie group. Let X be the the 
variety of Borel subgroups of G. Recall that the G-orbits in X x X are canonically 
parameterized by a finite group W called the Weyl group of G. Denote by 
the orbit corresponding to w e W. This a version of the Bruhat decomposition. 
Thus given two Borel subgroups B, B' of G, we say that (S, B') are in position w 
(notation B — >B') if (S, B') G 1^^. It follows that W acts naturally on the set X'^ 
of Borel subgroups containing a given Cartan subgroup T. Given B D T and given 
w G W, there exists a unique B' dT such that B^B'. We\etwB = B'. This 
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action is simply-transitive. Now it easily follows that given T <Z B we can identify 
the geometric Weyl group W with the concrete Weyl group Wt = N{T)/T. Indeed 
both groups act on and the two actions commute and are simply-transitive. 
Thus the choice of a point B G X'^ yields an isomorphism between the two groups. 

Now let G C G X X be the closed subset consisting of pairs (B^g) where 
g E B. Then the projection G — > X is a locally trivial fiber bundle with fiber over 
B E X equal to B. Hence G is an algebraic bundle of groups over X and is a 
smooth algebraic variety. We call G the Grothendieck manifold ; it was introduced 
by Grothendieck for the purpose of resolving simultaneously the singularities of all 
closures of conjugation orbits in G. On the other hand, the projection q : G ^ G 
is a proper algebraic mapping. Let G'^^^ C G he the open set of regular semisimple 
elements. 

Lemma 1. The restriction of q to G^^^ is a finite Galois cover with Galois 
group W. 

Proof. There is a natural action of VF on q'~^(G'~'^^): given ((7, S) E q~^{G'^^^), 
there is a unique Cartan subgroup T containing g. The fiber of G over g thus 
identifies with X^, which admits a natural action of W as we discussed above. 
It is clear that this action is simply-transitive on the fibers of q, and makes the 
restriction of q to G^^^ into a Galois covering. | 

The action of W on the open set q~^{G'^^^) of G does not extend to a global 
action on G. However there is a natural action of W on the cohomology of G. 
This can be seen as follows. We have a projection map p : G ^ X xT, which is a 
homotopy equivalence. Now there is a well-known action of IF on X = G/B, which 
depends on the choice of maximal compact subgroup K of G. Indeed, introducing 
the maximal torus T^. — T \~\K oi K , we have X ~ K/T,, and Wt is the Weyl group 
of Tc, which acts on K/Tc by right multiplication. 

Then we have the diagonal action of W on the product X x T. Thus we get 
an action of W on H*{G) = H*{X x T). The restriction of p to ?-^(G^^») is 
VF-equi variant. 

The submanifold {K/Tq) x T^, of G has half the real dimension of G and is a 
M^-equivariant deformation retract of G. We will call it the core of G. 

In the following Proposition, cohomology groups are taken with coefficients in 
a field of characteristic 0. 

Proposition 3. The pull-back map induces an isomorphism of H*{G) with 
H*{G)^. 

Proof. There are several ways of proving this result. The most concrete is to 
first observe that since q' is a proper map which is generically finite, the pull-back 
map H* (G) — > H* (G) is injective. Clearly its image is contained in the VF-invariant 
subspace. Now it is easy to compute H*{G) together with its H^-action. For this 
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we use the core X x of G. We have H*{XxT^)= H* (K/Ta) ® H* (T^) . We have 
natural actions of W on H*{K/T^) and on H*{T^). The VT-module H*{K/Tc) 
is isomorphic to the regular representation. Hence the VF-invariant subspace of 
H*{X) (g) H*{Tc) identifies with H*{T^). Since H*{G) and H*{Tc) have the same 
dimension, the statement follows. | 

Corollary 2. The pull-back map induces an isomorphism of the equivariant 
cohomology ring Hq{G) with Hq{G)^ . 

Proof. This follows immediately from Proposition 1, using the spectral se- 
quence from ordinary to equivariant cohomology. | 

We can compute Hq{G)^ as follows. We have 

H*a{G) = H*k{G) = H*k{X)®H*{T^) = R(T^)®H*{Tc) = Q[X*(Te)] (g) A*X*(Tc), 

where X*{Tc) — Hom{Tc, S^) is the character group of and R{Tc) is the rep- 
resentation ring of Tc. We can identify X*(Tc) with the algebraic character group 
X*{T) of the algebraic torus T and R{Tc) with the algebraic representation ring 
R{T). The tensor product algebra Q[X*{Tc)] ® A*X*{Tc) identifies with the ring 
n*{R{T) (g) Q) of Grothendieck differentials of the algebra Q[X*{T)] = R{T) ® Q. 
The following result is proved in [B-Z]. 

Lemma 2. We have: 

n*{R{T) ® Q)^ = n*{R{T)^ O Q). 

Thus we obtain 

Proposition 4. We have a natural isomorphism of graded algebras: 

H*a{G) = 0*(i?(T)^ ® Q). 

The nice thing about the core (K/Tc) x Tc of G is that its equivariant coho- 
mology can easily be represented by explicit equivariant differential forms. The 
cohomology of X is generated by Chern classes of line bundles. Then any character 
X e T extends uniquely to a character of B hence defines a G-homogeneous holo- 
morphic line bundle L{x) over G/B. We can get a hermitian structure on 
by picking a maximal compact subgroup K of G. Then for any x ^ ^{T) the line 
bundle L{x) acquires a hermitian structure from the facts that X ~ K/T^ and the 
restriction of x to ^ C Tgc takes values in the circle group T C C*. 
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Since the line bundle L{x) over X is homomorphic and hermitian, it has a 
canonical connection. Let be the curvature of this connection. This is a purely 
imaginary i^-invariant closed 2-form, and its value at the base point can be com- 
puted as follows. The tangent space to K/Tc is the quotient space 6/tc; for ^ e t 
we denote by ^ the corresponding tangent vector. Then for elements ^, 77 of 5 we 
have: 

The 2-form = has integer periods, so its cohomology class belongs 

to Z) C H'^{X,C). We note that the curvature R of the principal bundle 

K K/Tc is the t-valued 2-form 

where pi : t ^ i is the projection; then we have R^ = (dx, R). 

The 2-form o;^ can be extended to a closed i^-equivariant 2-form on X, namely 

where ji-^: X = K/Tc — > fi* is the moment map 

f^^ikTjT,) = —l^Ad*{k)dx. 
Here dx G t* is extended to an element of t* which vanishes on the orthogonal of 

tc- 

So {u^, n^) yields an equivariant differential form, whose class in H'^{X) = 
Hq{X) is the opposite of the equivariant first Chern class cf - (L(x)). 

Now any character w of T gives rise to the equivariant 1-form 2-^1/-! ^ ^^^^ 
T, which represents the cohomology class of u in H^{T, Z) = X{T). 

Then, denoting by A*j^{X x T) = [A*{X x T) S{ty]^ the complex of K- 
equi variant differential forms, we have an algebra map 



c : Z[X(T)] (g) A*X{T) A*k{X x T) 

such that 

c(x® 1) =pUu^,fi^) , c(l ® x) = - — r^Pl — , 

27rV-l X 

where pi : X x T ^ T and p2 : X x T T are the two projections. 

It is interesting to compare the canonical equivariant 3-forms on G and on 
G attached to a VF-invariant bilinear form b on the cocharacter group X^,{T) = 
X*(T)*. Note that X*(T) is the group of algebraic homomorphisms A : C* ^ T. 
Then b extends uniquely to an invariant complex- valued bilinear form b on q. 

On one hand, there is the well-known G-equivariant 3-form 

{u, a). 
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To describe it, introduce the left (resp right) invariant Maurer-Cartan forms 6 (resp. 
6) over G. Then i/ is the Chern-Simons 3-form 

^ = ^K^, [OA) 

and a is the 5- valued 1-form such that 

a = \{e + e). 

We will consider the restriction of (z/, a) to a i^T-equivariant differential form on G. 
This i^-equivariant differential form is closed. 

On the other hand, we can view h as an element oi X*{T)®X*{T) C Z[X*{T)]® 
/\*X*{T) and then we have the X-equivariant differential form c(6) on X x T. 

By pulling back both equivariant 3-forms to X we can compare them: 

Proposition 5. We have the equality of K-equivariant differential forms on 

X: 

q*{i^,a)-^p*c{b)^dK{p*P) 

where (3 is the invariant 2-form on X x T defined as follows. P{v,w) vanishes if v 
or w is tangent to the factor T. For ^,r] & i we have 

Mlv) = \ iK^, Ad\r^)) - b{r^,Ad\0) • 

This follows from Theorem 6.2 in [G-H-J-W] or Proposition 3.1 in [A-M-M]. 

We note a variant of these constructions. To get the full set of homogeneous 
line bundles, it is important to consider line bundles over X which are equivariant 
under more general groups. Thus let / : — > G be an algebraic homomorphism of 
complex algebraic Lie groups. We will assume that Ker{f) is central in H and that 
G = Z{G) ■ Im{f), where Z{G) is the center of G. Then we have X ~ H/f-^{B). 
Thus any character x of f~^{B) defines an equivariant line bundle L{x) over X. 
Now f~^[B) has the same group of characters as its subgroup S — f ^{T). If we 
pick a maximal compact subgroup L' of f~^{K), the product L = L' ■ Z{H) will 
also be maximal compact in H. As the restriction of x S f] L will take values 
in T, it follows that L{x) has a hermitian structure. Hence we can extend the 
construction of the 2-forms R-^ and o;^ to this case. We thus obtain an algebra map 

S*{X*{S)) ® A*X{T) Al{X X T). 

A very interesting case is the following. Introduce the derived subgroup G' of 
G and its simply-connected covering Gsc, which is a complex semisimple algebraic 
group. We then have X ~ Ggc/Bsc, where B^c — f~^{B). Then be a maximal 
torus of Gsc contained in Bgc- Then any character x ^ ^ extends uniquely to a 
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character of Bg^ hence defines a Gsc-homogeneous holomorphic fine bundle L{x) 
over Gsc/Bsc- The Ggc-equivariant cohomology of X and of X x T is then equal to 

S*{X*(Tsc))® ^*X{T). 

This algebra maps to the algebra of i^sc-equivariant difi'erential forms on X x T. 

3. Construction of gerbes over G 

As in section 1, let / : ^ G be an algebraic homomorphism of complex 
algebraic Lie groups which is an isomorphism modulo centers. We will give a 
general construction for i/-equivariant holomorphic gerbes on X. The basic data 
we will use is an element h e X*{S) ® X*{T), which we often view as a bilinear 
form 

h : X^{S) ® X,{T) ^ Z. 

We will associate to h the corresponding linear map h : X^{T) — > X*{S). Thus for 
any A e X*(T) we have the iif-equi variant line bundle L{b{x)) on X. 

We will first give two constructions of gcrbc data on X. Given a line bundle 
L over a manifold X and a smooth function / : X ^ C* , there is a gerbe attached 
to L and /, which was discussed and exploited in [B-M2]. This gerbe is given 
by a cup-product construction. We will discuss two methods to construct gerbe 
data corresponding to L and /. In the first method, we pick an open covering 
(Va) of X over which wc have a branch log^ / of a logarithm of /. Then we have 
log^ / — log^ / = 2nimaf3 for rriap G Z. Then we set A^p = L®"^"^ with the 
obvious choice of (/)a(3 (see §1). The trivialization 9ai3y is obvious from the cocycle 
property mp-y + rua-y + map = 0. 

The second method uses the Deligne line bundle /) attached to two invert- 
ible functions f^g [De]. To describe {g,f), it is enough to work in the universal 
case where X = C* x C* , and g = x, f = y. Then we start with the trivial 
bundle over the universal covering space C* x C of C* x C* with covering map 
TT := Id X exp : C* x C ^ C* x C*. The group of deck transformations is Z, 
where the generator T acts on {x, w) by {x, w) i— > {x,w + 27ri). We let T act on the 
trivial line bundle over C* x C by multiplication by the invertible function x~^. In 
other words, a section of (/, g) over some open set ?7 is a function h : 7r~'^{U) C 
such that h{x,w + 2ni) — x~^h{x,w). The Deligne line bundle is equipped with a 
connection V which is characterized by the equation V(/i) = dh + {2ni)~^wx~^h. 
The curvature is 

,^ . ^dx dy 
(27Ti)-^— A — . 
X y 

Note that by construction, a (local) logarithm log / determines a non- vanishing 
section of {g,f), which we will denote by {g,logf]. We have the rule (51, log / + 
27rim] = x"^(gr, log/]. We refer to [De] for more information on the Deligne line 
bundle, which Deligne invented in relation with algebraic K-theory and regulator 
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maps. For our purposes (as in [Brl] [B-Ml]), we view it as a very nice way to 
quantize the 2-torus or its complexification. 

Returning to our data (X, L, /), we give our second construction of gerbe 
data. We pick an open covering (Wq.) over which L has a non-vanishing section Sa- 
Then we have = SaQap for the transition cocycle Qap- We then define the fine 
bundle Aa/s — {gap-, f) with obvious choices of Oap-y- Each Aq,^ is equipped with 
a connection, for which Oap-y is horizontal. Thus we have a 0-connection on the 
gerbe data. The equivalence of this gcrbe with the previous one is easy to prove: it 
amounts to showing that the gerbe data given by the line bundles {gafi, f) (g)L®™'''" 
is trivial. This can be done by using the trivializing sections (^Q^jlogQ, /] (8) ^" . 

We will denote by (L, /) the gerbe we have constructed. 

Now in our situation we have a tensor b in X*{S) (g) X{T). If we write b = 
J2bXj ® Cjj then for each j we have the ilf-equivariant line bundle L{xj) over 
X and the invertible function Q on T, hence we have the tensor product gerbe 
®j{L{xj),Cj) on the product X x T. Furthermore this gerbe is i/-equivariant 
(cf. the appendix for this notion). We can take its pull-back under the map 
p : G ^ X X T to get an iif-equivariant gerbe with 0-connection on G. We will 
denote this gerbe hy C = Cb- 

We need however to make sure that this construction does not depend on 
the expression of 6 as a sum of tensors. This is true up to natural isomorphisms. 
For instance, using the second construction, the main point is that for a complex 
manifold Y and for an element 7 G HoliY)* ®Hol{Y)* , there is a canonical Deligne 
line bundle (7) which is isomorphic to ®j{gj-, fj) for any expression of 7 as gj <S> 

fr 

Proposition 6. If the bilinear form b is W -invariant, then the restriction of 
the gerbe Cb to G^^^ is W-equivariant. 

Proof. For this purpose, it is best to use the description of G'^^^ as Gx'^T'^^^ = 
(G/T) X _ Then the VF-action on this contracted product can be described as 
a diagonal action. It is clear that with respect to the action of on G/T, we have 
a canonical isomorphism w* L{x)-^L{w~^x) ■ On the other hand, the VF-action on 
T transforms the characters of T according to the action of W on X(T). The result 
then follows since the construction of C does not depend on the expression of b as 
a sum of tensors. | 

Our gerbe Cb is such that the sum bi + 62 ot two tensors leads to the tensor 
product gerbe Cj,^ ® Ci,^ ■ The gerbe Cb has a simple behavior under the inverse map 
L-.G^G given by L{g, B) = {g-\ B): 

Lemma 3. The pull-back i*Cb is equivalent to Cf~^ = C-b- 
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Proof. We have the commutative square 




where inv : T ^ T is the inverse map. On the other hand, i is compatible with the 
projection G ^ X. Then using the construction of Cb as ®jL{xj,Cj) we see that 
i*Ct is ®jL{xj, tnv*Q = ®,L(x„ -Q = Cf | 

We conclude with two reasonably concrete description of our gerbe C. The 
exponential map exp : t T is a covering whose Galois group is X^{T); for 
A e X^(T) we denote by tx the corresponding deck transformation t — > t which 
is translation by 27ri[dX{l)]. Denote by k : G — > T and hj p2 : G ^ X = G/B 
the projection maps. Let U C (5 be an open set and let U = U Xy t — > ?7 be the 
pull-back covering of U. For A G X*(T) wc still have the translation automorphism 
t\ of U. Then an object of C(f/) is a holomorphic line bundle C over U together 
with isomorphisms 

px:tlC^C(g)Li-biX)) 
for A e X^ (T) , which satisfy the transitivity condition 

PX1+X2 = (^Ai/^A2)/5Ai- 

Here we still denoted by L(— 6(A)) the pull-back to U of the corresponding line 
bundle over X. 

The second description is derived from the first, but it directly gives gerbe 
data for an open covering of G. We cover T by open sets Va over which we have 
a section log^ : ^ t of the exponential map exp : t ^ T. Over Vq,/3 we have 
logj3 — logo, = 2TTiXa/3 for some Aq/j e X*(T). Then we cover G by the open sets 
Ua = k~^{Vq.). Over Ua/s we consider the line bundle Aa/3 = P2L{b{Xa/3)- With 
obvious choices for Oap-y this gives gerbe data. 

This last description is also useful to give a 1-connection on the gerbe restricted 
to the core {K/Tc) x of G. Over the intersection of the core with Ua we have 
the 2-form Fq, = 6(^2 logo,, Pi-R). The 3-curvature is the 3-form described in §2 
as the equivariantly closed 3-form c{B). We conjecture that if we add 2/3 to this 
1-connection, the resulting 1-connection extends holomorphically to G. This should 
be expected, as the corresponding 3-form is equal to 27riz^ by Proposition 5, and 
this extends to a holomorphic 3-form over G. 

4. Descent to G: the case of SL(2). 

We have constructed a gerbe C with 0-connection on G, and we now want to 
descend it to G. The first step is to construct the gerbe C over the open set G^^^ . 
There we can use Lemma 1 which gives us the Galois covering G^®^ — > G^®^ with 
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Galois group W. Since the gerbe C on G'^^^ is VF-equi variant, it automatically 
descends to a gerbe on G'^'^^ . This is much easier to describe for gerbes than for 
gerbe data. An object of the gerbe C over an open set U C G^^^ will be an object 
P of C over q~^{U) which is VF-equivariant, that is equipped with isomorphisms 
rjw : w*P^P such that 'r]wiW2 — wi{r]w^)'r]w^ (see the Appendix for a discussion of 
equivariant gerbes and equivariant objects). Then we have: 

Lemma 4. This construction describes a gerbe C on C'^f . 

Next we want to extend this gerbe to G. First we examine the case where G is a 
complex connected semisimple algebraic group of dimension 3, that is G = SL{2, C) 
or G = PGL(2,C). Let Z{G) denote the center of G, which is a finite group of 
order 2 or 1. We have the following nested open subsets of G: 

G^eg c y C G, 

where V = G \ Z(G). Over V, the mapping V := q~^{V) ^ y is a ramified double 
covering with Galois group W = Z/2 = {1,^}- So we are led to the question of 
descending the li^-equivariant gerbe C on y to a gerbe on V. The complement 
Y of G^®^ in F is a smooth hypersurface: for SL{2) it has 2 components li,l2 
corresponding to matrices all of whose eigenvalues are 1 resp. —1, and for PGL{2) 
it is connected. 

Now consider a possibly ramified double covering p : V ^ V with involution 
T, and a Z/2-equi variant holomorphic gerbe C over V. First of all, if the covering 
is not ramified, we construct a holomorphic gerbe C over V whose objects over 
U (Z V are the Z/2-equi variant objects of (see Appendix for equivariant 

objects); the morphisms are Z/2-equivariant isomorphisms. If C has an equivariant 
connective structure P ^ Co{P), then for any equivariant object P of Cp-i(-[/-) the 
f2p_i^(yj-torsor Co{P) is Z/2-equi variant, hence it descends to an Q^-torsor over U. 
Thus C acquires a connective structure. 

Now consider the case where the covering p : V ^ V is ramified along a 
smooth hypersurface Y. In that case there is an obstruction to descending the 
equivariant gerbe C: this consists of an element of Z/2 attached to each component 
Yj of Y. The description of this integer mod 2 is purely local along Yj; thus we 
may assume the gerbe is trivial, so is the gerbe whose objects are line bundles. 
Then the action of r on C must given by r(L) = L (g) A for some line bundle A 
on the complement of Yj (cf. Proposition 2). The constraint that should be 
(isomorphic to) the identity means that there is an isomorphism (p : A (E) r*A^l. 
Now the obstruction arises when we look for a local section s of A around some 
point of Yj such that (f){s (8) t*(s)) = 1. Indeed, first take any holomorphic section 
cr of A and consider the order d oi f := (j){a ® T*(cr)) along Yj. When we multiply 
0" by a meromorphic function g (with possible pole along Yj), we change this order 
into d + 2/, where / is the order of g along Yj. Thus the residue modulo 2 of (i is an 
intrinsic invariant, and is our obstruction. It can clearly be measured by restricting 
the whole geometric situation (including the gerbe) to some small r-invariant disc 
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which meets Yj transversally at the origin. 

If the obstruction vanishes, then we have a holomorphic gerbe over V, whose 
objects over U are again the Z/2-equi variant objects of C over p~^{U). Then an 
equivariant connective structure on C will induce one on C just as in the unramified 
case. 

When G — 5'L(2,C), there are 2 divisors Yi,Y2 to consider. The open set 
is isomorphic to (G/T) x T'"^», where T = C* and T^^^ = C* \ {±1}. The 
variable in T will be denoted by z. W acts on T by 2; i— > 2;"-'^. The character group 
X*(T) is generated by the identity character b is determined by the integer 
m = b{x ® x)- The line bundle A occurs because to write down the gerbe data, 
we need to fix a local branch of the logarithm of z, and this will not in general be 
VF-equi variant. Near 2; = 1 we can make a VF-invariant choice of log(2;), such that 
I log(2;)| < TT, so the line bundle A is trivial. However near z = —1 (corresponding 
to the divisor Y2), if we choose the branch so that log(— 1) = ni, then we have 
log{z~^) = — log{z) + 2Tvi. It follows that the line bundle A over a neighborhood 
of Y2 in G^^^ is the pull-back of the line bundle L{mx) over G/T. We must then 
analyze the element of Z/2 attached to this line bundle. 

The surface G/T is an affine quadric, and as such it has two rulings which are 
exchanged by W. We call the lines of these rulings lines of the first resp. second 
kind. The line bundle A is constant along the lines of the first kind, which are the 
fibers of the projection G/T — * G/B. Along the lines of the second kind, the line 
bundle corresponds to the divisor m[p] for a point p. Its transform t*A is constant 
along the lines of the second kind, and its restriction to lines of the first kind is 
attached to some point. Now as we approach the divisor Y2 along a transverse disc, 
we stay in a small neighborhood of some line of the second kind (this is because the 
projection to G/B of our point in G/T has a limit). It follows that the pull-back 
of A to this disc has a zero of order m at the origin, while t*A pulls back to an 
equivariantly trivial bundle. Thus we conclude 

Lemma 5. For G = SL{2,C), the gerbe C can descended from V to V = 
G \ {±1} ijf m = b{x <8) x) even. 

The case of PGL{2, C) is different as there is only one divisor and the corre- 
sponding obstruction vanishes automatically. This can be viewed in the following 
way: the integer m is even because ^ is a character of T. 

Next we need to extend our gerbe from V to G. We use the following Hartogs 
type theorem from [Br2]. 

Lemma 6. Let X be a complex manifold, and let Z be a closed complex 
subvariety of codimension > 3. Then the restriction map from holomorphic gerbes 
with 0-connection on X to those on X \ Z is an equivalence of categories. 

So we obtain a gerbe C on G equipped with a 0-connection. 
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5. Descent to G: the general case. 

We will first construct an extension of the gerbe C over C*^^ to G \ Z, wliere 
Z is a Zariski closed subset of codimension > 2. 

The complement Y of G^^f in G is a divisor, whose components Yq; ^ire indexed 
by the roots a up to the VF-action; so if the semisimple part of G is simple, there 
is one component in the simply-laced case and two otherwise. A general point of 
Yq, is G-conjugate to an element g with Jordan decomposition g = su, where 

- s is an element of T such that exp{^a){s) — 1 but no other root is trivial on 

- tt is a general unipotent element of the centralizer Zg{s). 

Note that Zg{s) is (up to a finite group) the product of a torus of dimension 
r — 1 with a 3-dimensional simple group R. 

The VF-covering G^'^^ G^'^^ has an ordinary ramification of order 2 along 
each component Y^^; the corresponding ramification subgroup is the Z/2-subgroup 
generated by Sq. 

Now we have the VF-equi variant gerbe C and we wish to descend it to an 
open subset of G which at least meets each component Yq. We studied in §3 the 
obstruction to doing this: it is an element of Z/2 attached to each component Yq,. 
Now pick a general point g — su of Yq, as above, so we have a closed embedding 
R^-^G where j{h) = sh, and the trace of the divisor Yq, on i? is a component V 
of the complement of R"^^^ in R. We can lift j to an algebraic mapping j : R ^ G 
of Grothendieck manifolds as follows. Fix a Borel subgroup B of G containing s 
and let Pq, be the minimal parabolic subgroup containing b corresponding to the 
root a. Given a Borel subgroup G in R, there is a unique Borel subgroup B' of 
G such that C G B' G Pa- Then we set jih,C) = (sh,B'). Now we wish to 
describe the pull-back of the gerbe C under this mapping j. For this purpose, we 
define a maximal torus T/j of T as the intersection of T with R. Then we define 
the algebraic group L — R Xq H which maps to R, and we define a maximal torus 
Sr of L to fit in the cartesian diagram 

L = RxgH ^ H ^ G 

Sr ^ s ^ t 

Then the algebraic group homomorphism L ^ H satisfies our assumptions 
and we can view the restriction i*C of C to as an iif/j-equivariant gerbe. 

We can then consider the restriction map X*{S)®X*{T) X*{Sr)^X*{Tr). 
Denote by Br the image of 6 G X*{S) ® X*{T) under this map. 

Lemma 6. The L-equivariant gerbe j*C over R is the gerbe associated to the 
element bR ofX*{SR) (g) X*{Tr). 

It follows then that for each component Yq of Y, the obstruction in Z/2 can 
also be calculated in terms as the obstruction to extending the gerbe on R^^^ along 
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the divisor j*Ya. We know from §3 that this obstruction vanishes if bii{a,a) is 
even. Now this is this equal to b{a, a). Hence if we make the assumption 

a) is even for any root a {EV) 

then we can descend C to a gerbe on a Zariski open set U D G"^^^ which meets each 
component of so that its complement Z has codimension > 2. Also there will 
be a holomorphic connective structure on C. 

The arguments which will lead to Theorem 2 are quite technical, as they make 
heavy use of hypercohomology of a complex of sheaves with supports in a closed 
subset, so many readers may wish to skip ahead to the statement of Theorem 2. 

We denote hj V d G the set of elements g of G which are not regular, or in 
other words q~^{g) is not finite. It is well-known that V has codimension 3 in G. 
Then the obstruction to extending our gerbe with 0-connection from G\Z to G\V 
is an element of the hypercohomology group H^^^y{G \V,0* fl^) with supports 
in Z \V. Furthermore the non-uniqueness of the extension is controlled by the 
hypercohomology group H'^'^y{G\V, O* Q^) . We will only say here a few things 
about hypercohomology with supports, referring the reader to the book [K-S] for 
details. For any complex of sheaves F* over a space X, and for Y a closed subset 
of X, the hypercohomology groups Hy{X,F*) with supports in Y sit in an exact 
sequence 

> HP-\X, F') HP.{X, F') HP{X, F') HP{X \ F, F*) ^ • • • 

They can be computed by the Cech method using open coverings (Vq.) of X and 
(Ua) of X \ Y such that Ua Q Va and all cohomology groups H'^{Va-i^...ai, F^) 
and H'^{Ucti---ai, FP) vanish for g > 0. Then we can construct the Cech double 
complexes C*(V, -F*) and C*{U,F*) and we have a natural restriction mapping 
from the first double complex to the second, which allows to construct a triple 
complex, whose total cohomology is the hypercohomology with supports. For the 
complex of sheaves O* — > we may pick the Vq, and Ua to be small open discs. 
We have an exact sequence of complexes of sheaves 

Q ^Z^[0 ^9}]^[0* ^ 9}] 

Thus for cohomology with supports we have the exact sequence 

^ C ^ H%^y{G \ V, 0* ^ n^) ^ \ V, Z) 

where C is a complex vector space, namely a hypercohomology group with coeffi- 
cients iivO ^ Q} . Now the group if^^^ (G\ V, Z) is the free abelian group generated 
by the cohomology classes of those components Zj of Z which have codimension 2 
in G. Taking the inverse images V, Z of V and Z in G, we have a similar exact 
sequence 

O^C^ Hly{G \ y, ^ n') - Hly{G \ F, Z) 
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Now the map C — > C is injective because the mapping G\V —>■ G\V is finite and C 
is a vector space. The map H^^y{G\V, Z) iy|^^(G\V^, Z) is injective because the 

inverse image of a component Zj of Z is a union of co dimension 2 components of Z. 
It follows that the pull-back map Hl^y{G\V, O* ^ n^) ^ O* ^ ft^) 

is injective. Thus the obstruction to extending our gerbe C from G \ Z to G \ 
vanishes, because the gerbe C over G\Z extends to G \ V^. 

One shows similarly that the map K\^y{G\V, (9*^0^)^ K\^^{G\V , O* 

O^) is injective (this is actually easier, as these cohomology groups are complex 
vector spaces). Thus the data of the gerbe C over G\'V leaves no amount of 
freedom for the extension of C to G \ F. 
Then using Lemma 6 we obtain 

Theorem 2. Let H be a connected reductive algebraic complex group, and 
let f : H ^ G be an algebraic homomorphism where H is also algebraic reductive, 
Ker{f) is central, and G = Z{G) ■Im{f). For any W -invariant tensor b e X*{S)<^ 
X*{T) such that the bilinear form b : X^{S) <S> X^{T) — > Z satisfies the condition 
(EV), the corresponding H x W-equivariant holomorphic gerbe C with 0-connection 
over G can be descended in an (essentially) unique way to an H -equivariant gerbe 
C over G. 



Corollary 1. // inv : G G denotes the inverse map, then the pull-back 
gerbe inv*C is equivalent to C®""*^. 



Proof. This follows easily from Lemma 3 and the fact that C is obtained from 
C by quotienting by W and then extending from an open set. | 

We denote by C Kl C (external tensor product) the gerbe over G^ obtained by 
tensoring the gerbes plC and P2C. The following result is analogous to Proposition 
3.2 in [A-M-M]. 

Corollary 2. Assume H = G so that C is G -equivariant. Let D : G^ ^ G^ 
be the double map D{a,b) = {ab,a~^b~^). Then the pull-back of C KIC under D is 
a trivial gerbe. 

Proof. The equivariance of C implies that for dj : G^ ^ G the face maps 
of the Appendix, the tensor product gerbe c/qC ® dlC^~^ is trivial. Now using 
Lemma 3 this means that the gerbe (ipC CS) d\inv*C is trivial. If we introduce the 
mapping 5 : G^ ~> G^ such that 5(a,6) = {dQ{a,b),di{a,b)~^) = {aba~^ ,b~^), we 
see that the pull-back gerbe d* {C Kl C) is trivial. Now we can write D — S(f), where 
4>{a,b) = {ab~^,ba), hence D*{C^C) is trivial too. | 
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Here is a description of C: for an open subset U of G, an object of Cu is an 
object P of Cy-i(y) together with the structure of a VF-equivariant object on the 
restriction Q of P to C^-if^jj^^Qreg- This means (see Appendix) that for any w &W 
we are given an isomorphism rj-w : Q-^w*{Q) such that 

(1) the satisfy the cocycle condition ij^-^^^ = 1^2(^1)^2 

(2) each rj^ has no poles along components of f~^{U) fl {G\G^^^). This means 
that if = 1, then {w^~^)* {r]^u){w''~'^)* (rjyj) • • - r/u, is an automorphism of Q which 
extends holomorphically to an automorphism of P over U. 

Isomorphisms are isomorphisms of objects of C^-i^jy) which are compatible 
with the extra data {i]^). From this description of the gerbe C one can show easily 
that it is i/-equi variant. The 0-connection on C can then be described in terms of 
an fi^-torsor Co{P^'qw) attached to the data {P,r]u,)'- the sections of this sheaf are 
the holomorphic sections V of Co{P) over U which are VF-invariant in the sense 
that r]yj maps V to w* V. It would of course be very nice to find some explicit gerbe 
data for the gerbe C. 

6. Discussion of the combinatorial data. 

The bilinear forms h : (S) (g) (T) satisfying the conditions of W-invariance 
and (EV) were introduced independently by Toledano in [To] and by the author 
and Deligne in [B-D]. 

For G simply-connected and simple, and for H = G, the allowable b G X*(T)® 
X*(T) are the integer multiples of the basic bo for which bo{d,a) = 2 for a long 
root a (so that a is a short coroot). This bilinear form bo is introduced in [P-S] 
for the purpose of constructing central extension of loop groups. 

For G = SL{n, C), T the group of diagonal matrices, X*{T) is the quotient of 
the free group on the diagonal entries (ti, ■ ■ ■ , tn) by the relation ti + ■ ■ ■ + tn = 0- 
The roots are the aij — ti — tj for i ^ j. Let (ei, ■ ■ ■ , Cn) be the basis dual to 
(ti, • • • , tn). The dual group X^ (T) is the subgroup of Zei • • • Zcn comprised of the 
linear combinations X^njCj such that = 0. The coroots are the a^j = Cj — Cj. 
The basic element bo is bo = XliLi ^1- 

Now take Gad = PGL{n,C) to be the adjoint group of SL{n,C), so that 
T is replaced by the quotient group Tad — i'^*)^ /^diag^ where C* is embedded 
diagonally in (C*)". Then X*{Tad) = Q is the coroot lattice generated by the dy. 
If we take H = Gad = PGL{n, C) then the allowable b e X* {Tad) ^X* {Tad) are the 
integer multiples of Xli<j ^Ij = n-bo- The same situation occurs if we take H = G 
mapping to Gad in the obvious way. Now let us consider H = G = GL{n, C), and 
take T to be the group all diagonal matrices, so that X*{T) = Zti © ■ ■ -©Zt^. If we 

take H = G, then the allowable b are of the form b = I Yl^=i + "^(^i H 1- ^n)^) 

for l,meZ. If now H = SL{n, C), so that X*{S) is the quotient of X*{T) by the 
relation ti + ■ ■ ■ + = 0, then we are left with the integer multiples of if + ■ ■ • + 1^. 

If we take G to be of type S^, then for the simply-connected group Ggc — 
Spin{2n + 1, C) the character group X*{Tsc) is the group 1/2 rriiti where rrii E Z 
and mi = • • • = mod 2. The simple coroots are (ei — 62, • • • , e^-i — e^, 2en). 
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For H = G = Spin(2n + 1,C), the allowable b are the integer multiples of bo = 
^17=1 • -^^^ adjoint group Gad = S0{2n + 1, C) and for H = Gad or H = Ggc-, 
the allowable b are integer multiples of 26o- This corresponds to the well-known 
phenomenon that only the tensor square of the fundamental gerbe over Spin{2n-\-l) 
can be descended to S0{2n + 1). 

If we take G to be of type D^, then for Ggc = Spin{2n,C) the character 
group X*{Tsc) is the group of 1/2 X]r=i "^i^i^where mi = 1712 ■ ■ ■ = rrin mod 2. The 
coroots are the — Cj. Thus for H = G — Ggc, the allowable b are the integer 
multiples of 60 = Er=i^f- Now take G = 50(2n,C) so that X*{T) = E»=i^^i; 
then for H = Gsc or H = Spin{2n, C) we find the allowable b are again the integer 
multiples of bg. Now if we take G = Gad = S0{2n, C)/{±1}, then X*{Tad) is the 
group of ^ rriiti such that mi + ■ ■ ■ + m^ is even. Then for any choice of H (equal 
to Gsc divided by a central subgroup), we find that only integer multiples of 26o is 
allowable. 

7. Restricting the gerbe to conjugation orbits. 

Lemma 7. For any regular semisimple element g of G, the restriction of the 
H-equivariant gerbe C to the H-orbit Og = H ■ g <Z G is H-equivariantly trivial. 

Proof. First of all we can lift O to an ilf-orbit O m. G which maps isomor- 
phically to O, namely the orbit of {g, B) for any Borel subgroup of G containing g. 
Then it is enough to show that the restriction of the gerbe C to (9 is if-equivariantly 
trivial. Using the description of the gerbe C given in §3, we see that any logarithm 
^ of 51 gives such an equivariant trivialization. | 

In general, the restriction of C to an i^-orbit will not be equivariantly trivial. 
As shown in the Appendix, the obstruction to the triviality is a central extension of 
the centralizer group. We will describe this central extension in case g is semisimple. 
First we recall some well-known facts about central extensions of reductive complex 
groups. Let L be a reductive connected algebraic group over C. We want to describe 
in combinatorial terms the central extensions l^C*^L^L^lof complex 
algebraic groups. Let be a maximal torus in L. The inverse image 5 is a maximal 
torus in L, and we have an extension of free abelian groups 

^ X*{S) X*{S) X*(C*) = Z ^ 0. 

Hence the extension (EXT) is equivariant under the Weyl group of S in L, which 
we will simply denote by Wl- 

Lemma 8. The central extension L of L is entirely determined by the exten- 
sion (EXT) of Wl- modules. 
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Now the extension (EXT) gives rise to a degree 1-cocycle group cocycle w i— > 
c-w '■ Wl X*{S) as follows: pick an element x ^ X*{S) which restricts to 
1 G X*(C*). Then c-w = wx — X ^ X*{S) is a 1-cocycle, and its cohomology class 
vanishes iff the extension (EXT) has a Wi,-equivariant splitting. 

Let us apply this to / : iif — > G as in §2 and some semisimple element g E G. 
Denote by L the connected component of the centralizer of g in H. Then pick a 
maximal torus T of G containing g and as usual let S = f~^{T) C H, which is a 
maximal torus of L. The Weyl group Wl of in L is the subgroup oiW = Wh 
which centralizes g. Pick some element ^ of t such that exp{27ri^) — g. Then for 
w e Wl, the difference w^ — ^ has exponential 1, so = — belongs to X^{T). 
This gives a 1-cocycle of Ws,l with values in X^{T). 

Now given b G X*{S)^X*{T) which is VF-invariant and satisfies (EV), we have 
constructed an i7-equivariant holomorphic gerbe over G. Recall that b : X^{T) 
X*{S) is the corresponding linear map. Then according to the Appendix, for any 
g we have a central extension of the centralizer group Zg{H). We can now identify 
this central extension: 

Proposition 6. For g E G semisimple, the central extension of the centralizer 
L of g & H is described by the cohomology class of the group 1-cocycle 

w G WL^b(dy,) G X*{S). 



Proof. It follows from the Appendix that the central extension L of L has 
restriction to 5" given by the multiplicative C*-bundle ®[=i(xi, dig)) if 6 G X*{S)<^ 
X*{T) is equal to J2Xi ^ d- Here Ci(fi') is just a complex number and Xi is a 
holomorphic function 5 — > C*. The expression (xi,Ci(fl')) denotes a Deligne line 
bundle. A multiplicative trivialization of the Deligne line bundle above is obtained 
using the logarithm ^0(0 of did)- This gives a trivialization s = 'Sii{Xi ddiO] 
the central extension of 5", which however is not VF^^-equivariant. For w G Wl, we 
can measure the defect of equivariance as a group homomorphism Cyj '■ S ^ C* 
given by c^{h) — ws{w~^h) — s{h). Now we have 

w- s = ®i{wxi, ddiO) = ®i(Xi> dw~'^ diO] = ®i(Xi> dd{w^)] 
using the M^-invariance of b. It follows that 

cUh)^Yl^i{h)'"^'^''-^ = [b{djm. 



It appears likely that this central extension is trivial for SL{n, C) or GL{n, C) 
but often non-trivial for other groups. In any case, its cohomology class has finite 
order (bounded by the order of Wl), so if we replace the gerbe by some tensor 
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power the obstruction will vanish. This fits with the result in [G-H-J-W] and 

[A-M-M] that the class in M) restricts trivially to any orbit. 

We give an example where the central extension is non-trivial. 

Pick for instance H — G = Spin{7,C) and g — exp{27ri^) where ^ = ^^~2^^ ■ 
The centralizer L of ^ is infinitesimally isomorphic to SL{2^ C)'^. Then the sub- 
group Wl of the Weyl group is the group (Z/2)^ generated by the change of 
sign (—1,-1,1), the change of sign (1,1,-1) and by the permutation of 1 and 
2. The 1-cocyclc of Wl with values in X^(T) is dw = — ^. We now take 
h = bo — t\ + t\ + t\\ then h : X^,{T) — > X*{T) is the inclusion which maps Ci 
to U. Now we claim that b{dw) is not the coboundary of some u e X*{T). Since 
there is no vector in X*{T) fixed by the group Wl, the only possible choice of u 
would be ti = b{^) = . However this is a vector in X*{T) ® Q which does not 
belong to X*{T). Thus b{dw) is not a coboundary and the corresponding central 
extension L of L is not trivial. Clearly by construction it has order 2, hence is 
induced by a central extension of L by Z/2, i.e., a connected double cover L of L. 
We can describe L more precisely as follows: Wl is generated by the reflections 
corresponding to the orthogonal roots ti — t2,ti + 12, ^3- For the maximal torus S 
in (5'L(2, C))'^, X^{S) is spanned by the corresponding coroots ei — 62, 61 + 62, 2es. 
This subgroup is on index 2 in X* (T) , and the quotient subgroup is spanned by the 
half-sum l/2((ei — 62) + (ei + 62) + 263) = ci + 63. It follows that L is isomorphic 
to the quotient of {SL{2, C))^ by the group Z/2 embedded diagonally in the center 
(Z/2)3, and thus L is the universal cover {SL{2, C)f. 

Appendix. Equivariant gerbes 

1) Equivariant line bundles 

We will review well-known material on equivariant line bundles in a framework 
which will adapt to gerbes. Let G be a Lie group which acts smoothly on the smooth 
manifold M. Let m : G x M ^ M denote the action and let p2 : G x M ^ M he 
the second projection. First of all if we view a line bundle as given by transition 
cocycles gap with respect to an open covering Va, then the problem we encounter if 
that we can't in general assume that each Vq, is G-invariant. In order to write down 
the equivariance data for the line bundle in Cech form, what we need to do is cover 
G X M hj the open sets Z^fs = m~^{G x Va) fl p~^{G x Vp). Then to make our 
line bundle G-equivariant we need to introduce a function (f)ai3 '■ Za/s — > C* . The 
meaning of (f)a/3 is as follows: if Sa is the chosen non- vanishing section of L over Va, 
then if L is G-equivariant we have the section {g, x) h- > [g*Sa] (x) over {G x Va), 
and (f)af3 is this section divided by sp{x). Then we see that 0q:/3 must satisfy the 
following requirement: 

over the relevant open sets in G x M. 

Next a connection on L amounts to 1-forms Aa over Vq, such that Ap — Aa = 
d\og{gai3)- The connection is G-equi variant iff we have the equality of 1-forms on 
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G X M in the direction of M: 

Of course, rather than using such data, it may be more convenient to use 
the geometric language of Hue bundles and their pull-backs. For this purpose, we 
introduce the simplicial manifold G* x M, which is the family of manifolds G"' x M, 
equipped with the following face maps di : x M ^ x M: 

doigi, ■ ■ ■ 1 9ni x) = (92,- ■ ■ 1 9ni 9ix) 

di{9ir--,9n,x) = (^i,---,5ri_i,^j^j+i,---,^„,a;) for 1 <i<n-l 
dni9i, - ■ ■ ,9n,x) = (gi, - ■ ■ ,gn-i,x) 

The significance of the simplicial manifold x M is that it is a geometric 
model for the Borel space EGx'-' M. Recall that the cohomology of the Borel space 
is the (Borel) equivariant cohomology Hq{M). 

Note that do : G x M is equal to m, and di : G x M — > M is equal to p2- 

Then an equivariant line bundle over M is a line bundle L over M, equipped 
with a non-vanishing section a of the line bundle dQL®d\L®~^^ which satisfies the 
cocycle condition d^a ® d\a®~^ ® d2(7 = 1. This makes sense as d^a ® d\a®~^ ® d2(7 
is a section of the trivial line bundle over G^ x M (due to the relations among the 
iterated face maps G^ x M — »■ M). 

When G is discrete, a amounts to a family of isomorphisms ag : L^g*L, and 
the cocycle condition becomes simply (Jg^g^ = g2(^giCrg^. For a Lie group G, cr still 
amounts to the data of such cr^, which must vary smoothly as a function of g & G. 

From such a we obtain the previous function 0q,^ = a ratio 

of two sections of c/qL (g) dlL'^~^ over Zai3- 

Then the condition that a connection V is G- invariant amounts to the condition 
that the covariant derivative of a vanishes in the M-direction. 

Recall that line bundles over M are classified by the cohomology group (M, Z). 
Similarly we have 

Proposition A-1. ForG a compact Lie group, the G -equivariant line bundles 
over M are classified by the (Borel) equivariant cohomology group Hq{M,'Z). 

Proof. The data {ga(3, 4>a(3) can viewed as a Cech cocycle for the simplicial 
manifold G"^ x M, when we use the covering (Vq.) of M, the open covering Zaj3 of 
G X M and the open covering {d^Va) D (dlVp) n (^2!^^,) of G^ x M. Thus it yields 
a class in the degree 1 hypercohomology H^{G* x M, C*). Now the exponential 
exact sequence gives an exact sequence 

H^{G* xM,C)^ H\G' X M,C*) H^(G* x M,Z) ^ H'^(G' x M,C) 

Now all the hypercohomology groups Hp{G* x M, C) can be computed in terms of 
the global sections of the sheaves C over G^ x M, since C is a fine sheaf. Then 



27 



the complex in question becomes the complex of smooth cochains of G with values 
in the G-module C°°(M). Thus the hypercohomology groups HP{G* x M, C) are 
exactly the differentiable cohomology groups H^iG, C°°(M)), which are for p > 
since G is compact. Thus H^{G' x M,C*) identifies with H^{G* x M,Z), and the 
latter group is just the Cech version of Hq{M, Z). | 

It is interesting to see more concretely how the data ((7a/3, (pa/S, ^a) for an 
equivariant line bundle lead to an equivariantly closed differential form (F, fi) . First 
of all F is the curvature so that F/y^ — dAa- Next we consider the 1-form Wq,^ on 
Za/3 (Z G X M defined as 

U)ai3 = doAa - d^Ap - d log 0^/3 . 

This 1-form vanishes in the M-direction, so is entirely in the G-direction. Also ujap 
is G-invariant if G acts on G by left multiplication. Further over Zq,^ fl Zr^p we have 

•^7/3 - i^ap = m*{A^ - Aa) - cZlog(^) 

= dlog(m*^^«)-rflog(^) = 

using (A-1) and similarly coincides with cOdS over Zq,^ fl Zq,^. Hence the 
glue together to give a global 1-form a; on G x M which is G-invariant and lives in 
the G-direction. We can write u = {plg^^dg, /i), where g~^dg is the Maurer-Cartan 
1-form on G and ^ : M q* is a, smooth function. This function is a moment 
map for the G-action. We can evaluate it as follows: for ^ G 0, denote by ^ the 
corresponding vector field on M, and by 0) the vector field on G x M which lives 
in the G-direction and is the left-invariant vector field defined by ^. The derivative 

[(^, 0)] • log(l)ai3](i,x) is equal to ^ ^ " , where ^ • Sa denotes the derivative at t = 
of exp{t^)* ■ Set- Then we find: 

which is a standard description of the moment map as measuring the difference 
between two infinitesimal actions of g on sections of L: the one given by the con- 
nection evaluated along the G-orbits and the one given by the G-action on sections 
of the equivariant line bundle L [B-V]. One checks easily that ^) = {^,F) as 
required, so that (F, n) is an equivariantly closed 2-form. This is the equivariant 
Chern class as constructed by Berline and Vergne [B-V]. 
2) Equivariant gcrbcs 

We will discuss equivariant gerbes in a similar spirit as we discussed equivariant 
line bundles. Let {V^, ^afj, dap-y) be some gerbe data over M (as mentioned before, 
we will suppress from the notation the isomorphism between A®^^ and A^q,). Then 
to make the gerbe data G-equivariant we need to pick a line bundle Eap over 
Zai3 Q G X M together with isomorphisms 
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and 

0a,(5//3 : dlKfp^ ® Eaf3^Ea5, 

which satisfy the compatibihty conditions 

0€/a,/3 = d^Oe^ya <8) [0e/7,/307/Q;,/3] ) 
0a,e//3 = dl0f^'^^[(l)a,e/s4>a,6//3] 

and the obvious commutation relation between the two types of isomorphisms. 

Next we need a non-vanishing section t/jap-y of the hne bundle QafS-y = d^Ep^ ® 
dlE®-^ ® dlE^p over dlZp^ n dlZ^^ n d^Z^^fs C x M. This section should 
satisfy three conditions: first of all, V'a/Ji should correspond to i(^si3j under the 
tensor product of the isomorphisms d\4>5/a,'y ^tiid c^20f/a^/3j there are two similar 
conditions involving changing the second and third indices in Qa/3j- Secondly, we 
require the cocycle condition 

do'ipoys ® dli;^-/ ® d*2^IJai35 d*si;^f^^ = 1. 

This makes sense as the left hand side is a section of the trivial line bundle over an 
open set of G"^ x M. 
We can now state 

Proposition A-2. If G is a compact Lie group, the equivariant DD-gerbes 
over M are classified by the equivariant cohomology group Hq{M,'Z). 

Proof. The proof is similar to that of Proposition A-1 so we will be brief. One 
first assumes that all line bundles Aq,^ and Ea/s are trivial. Then one can interpret 
the data {Oa/3j,(f>^/oi, P(f)a,5/p,'4'ai3-r) as yielding as giving a Cech 2-cocycle with 
values in the simplicial sheaf C* on the simplicial manifold G* x M. Then one uses 
the exponential exact sequence to compare H^{G* x M, C*) with H^{G* x M,Z). 
I 

There is one case where these unwieldy constructions are simpler: assume that 
all open sets are G-stable, so that (ip ^(Va) = dQ^CVa) and that the Aq,^ are 
equivariant line bundles over Vap and that each OafS-y is G-invariant. Then we can 
pick Eap — c/qAq/j; then we can take (j)a,s/p to be induced by dQ9(3ad, and since 
cJ^Aq,^ is isomorphic to dQA^p (by the equivariance of Aq,^), we can take 07/a,/3 to 
be the isomorphism induced by dld^pa- Then V'a/37 is induced by daPj and all 
conditions are satisfied for an equivariant gerbe. 

The data also simplify considerably in the case where M is a point. Then there 
is no need for the covering (Vq,) and the line bundle Aq,^, so the construction boils 
down to a line bundle E over G and a non-vanishing section if; of the line bundle 
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dgE <S) d'{E'^~'^ (g) (^2-^ over G^. The fiber of this fine bundle at {gi, g2) is equal to 
Eg^ ® E®^^ ® Eg^ . Thus tj) amounts to a multiplicative structure on the line bundle 
E ^ G, namely an isomorphism Eg-^ (E) Eg^^Eg^g^ which varies smoothly with 
{91^92)- This means also that the total space G of the corresponding C*-bundle 
acquires a product structure G x G ^ G which lifts the product on G. The cocycle 
condition for ip just says that this product law is associative. Then G becomes a 
Lie group, which is a central extension of G by C*. In fact we have 

Proposition A-3. The equivalence classes of G-equivariant gerbes over a 
homogeneous space G/H correspond precisely to the central extensions 



We have proved this in the case where G = H. We next claim that by re- 
striction to the base point of G/H, we get a bijective correspondence between 
G-equivariant gerbes over G/H and ilf-equi variant gerbes over a point. What we 
need to do is to give an analog for gerbes of the construction of a homogeneous vec- 
tor bundle over a homogeneous space. So we start with an i/-homogeneous gerbe 
C over a point, and we pull it back to a gerbe over G which is left G-equivariant 
and right ff-equi variant. Then we have the following lemma: 

Lemma A-1. // the Lie group H acts freely on a manifold X , then pull- 
back gives a bijective correspondence between equivalence of gerbes on X/H and 
equivalence classes of H-equivariant gerbes over X . 

Thus we can descend our gerbe to a gerbe on G/H, which is still G-equivariant 
as the left action of G on G commutes with the right if-action. This "homogeneous 
gerbe construction" is inverse to restriction to the base point. | 

This construction can be generalized to the case where the gerbe data is trivial, 
so that the line bundles Aq-/? are trivial and = 1- Then the isomorphisms 07/q:,/3 
give, for fixed gluing isomorphisms between the line bundles Ea/3 and E^p over 
the overlap Z^^p H Zjp of their domains of definition. Then we can use these gluing 
data to produce a line bundle Ep over dlVp. The isomorphisms 4>a,6/i3 then glue 
together, as a varies, to yield a global isomorphism between Ep and Es (this uses 
the commutation relations between the two types of isomorphisms). So finally we 
have a global line bundle E over G x M. Then the ifjap-y glue together to give a 
global non- vanishing section 1/' of d^E (g) dlE®~^ (g ^2-^' over G^ x M. To interpret 
this, recall that A = G x M has the structure of a differentiable groupoid, where 
(^f, x) is viewed as the arrow labeled by g which goes from a; to ^ • a;. Then if; 
gives the total space A of the C*-bundle associated to £■ a partial composition law 
which lifts that on the groupoid A. The cocycle condition for ifj means that this 
composition law is associative, so that A becomes a groupoid which is a central 
extension of A by C* (we refer to [W-X] for central extensions of groupoids and 
their applications to geometric quantization). 
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Next we examine the notion of equivariant 0-connection on an equivariant 
gerbe. Let then (-Dq,^) be a 0-connection. To make it G-equi variant, we need to 
pick a connection Va/3 in the direction of M on each E^p', this means that the 
covariant derivative of a section of E'^/j on an open set of G x M is a 1-form in the 
M-direction. Such a connection is also called a relative connection (relative to the 
projection G x M ^ M). We require that the isomorphisms 4>'y/a,j3 and (t)a,5/i3 ^tre 
compatible with the relative connections. Then ipaiS'y should be a horizontal section 
of QaPj, but only in the direction of M. 

Given a 1-connection {Fa,), it is equivariant iff it satisfies the constraint 

Curv{'S/af3) = c^o-^a " d^Fp in the direction of M (over Z^f^) 

Then the 3-curvature O satisfies (igO = d^Q, so it is G-invariant. It is most natural 
at this point to write down the equivariantly closed 3-form which is the equivari- 
ant Chern character of the equivariant gerbe. As in the case of line bundles, we 
introduce the 2-form dQFa — d^Fp — Curv{S/ ajs) on Zap which has zero component 
in {G)®A^ {M) . We look at the component Bap of this 2-form onto the factor 
A^{G)®A^{M) of A^{G X M). It is easy to see that the Bap glue together to give 
a global 2-form B on G x M. As is G- invariant for the left action of G on itself, 
it can be written down as B = {g~^dg,®E), where is a 0- valued 1-form on M 
and B is obtained using the evaluation map ( , ) : g* (8) g — > R. Then (f2, E) is an 
equivariantly closed 3-form on M . 

Now we interpret the notion of equivariant gerbe data in terms of DD-gerbes. 
So let C be a DD-gerbe over M, viewed as in §1 as a sheaf of groupoids satisfying 
axioms l)-3). Then to make C G-equivariant we need two extra pieces of data. 
First we need an equivalence (/> : d\C — > d^C of gerbcs over G x M. Equivalcntly, 
amounts to a global object R of the gerbe d^C (8) d\C®~^ over G x M. Second we 
need an isomorphism 

ij : dlR® dlR®-^ ® dlR^l 

of objects of the trivial gerbe over G^ x M. This isomorphism must satisfy the 
cocycle condition 

dill) ® dlil)®-^ ® dli) ® dli)®-^ = 1. 

For G discrete, (f) amounts to gerbe equivalences (f)g : C ^ g*C and i/j amounts 
to natural transformations 

fPgi,92 ■ 05152 (^205i)'^52 

between equivalence of gerbes which must satisfy a cocycle condition (that condition 
may be visualized as a commutative tetrahedron). We can write 4>g{P) as ^f^P for 
an object P of C over some open set. Then '^g^^g^ is an isomorphism between 
{9i92)*P and igi)4i92)*P]- 

We briefiy adumbrate how these data lead to the equivariant gerbe data dis- 
cussed previously. First take an open covering (Va) of M and objects Pa G Cy^- 
Then as in §1, we have the line bundle Aap — > Vap associated to the C*-bundle 
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Isom (Pi3, Pry)- Over Z^p we have the objects 0((i^Pg) and d^Pa of the puU-back 
gerbe (IqC. Then we define the fine bundle -Eq,^ to be the hne bundle associated 
to the C*-bundle Isom id^PB, (l){d\Prv)). The isomorphisms 4>'y/a,i3 and 4>a,5/p are 
given by composition of isomorphisms of objects in the gerbe dQC. Then the tensor 
product line bundle Qa/s-y corresponds to the tensor product C*-bundle given by 

I som iyrtP-y . vt^Pr) ® Isom iyrnPn, yr^P-y) ® Isom iyrlPn. yr^P^). 

Thus by composition of isomorphisms we obtain the trivialization ipap-y of QafB-y, 
which by its construction satisfies a cocycle condition. 

Another advantage of the notion of equivariant gerbe C is that we can define 
an equivariant object of C. This means that P is an object of Cm, equipped with an 
isomorphism rj : (/}{dlP)^dQP of objects of [(ioCjcxM which satisfies the associa- 
tivity condition (ig^ ® (i2^®~^ ® = 1. For G discrete, rj amounts to a family of 
isomorphisms 77^ : (pg{P)^g* P which satisfy the cocycle condition. This is formally 
the same description as for equivariant line bundles. 

In case M is a point, the obstruction to finding an equivariant object of C 
is a central extension of G by C*. Indeed, picking any P and r] as above, the 
automorphism (ip^ (g) ^2^®"^ ® ^2^ of pr^P G prlCc^ is a function G^ — *• C*, which 
is a 2-cocycle. Thus we recover the central extension we previously described using 
equivariant gerbe data. 

Now given a 0-connection on the gerbe C, viewed as in §1 as a sheaf Co{P) 
attached to each object of each Cu, to make the 0-connection equivariant we need 
to extend the equivalence cj) : d\C ^ d^C oi gerbes over G x M to an equivalence 
of gerbes with 0-connection. This means that for each object P of each {d\C)u we 
give an isomorphism of sheaves (j)^ : Corei{P) Corei{4>*P), where Corei{P) is the 
sheaf obtained by dividing Co{P) by the action of the 1-forms on G x M which are 
in the direction of G. Thus Corei{P) is a torsor under the sheaf ^^j^q^q of relative 
1-forms with respect to the projection G x M —>■ G. In case G is discrete, we have 
^MxG^G ~ ^MxG' ^ section of this sheaf is a family Ug of 1-forms on (open 
sets of) M, indexed by (7 g G. Let us see what (p^ looks like when P = d\Q where 
Q is some object of C over some open set. Then we put (t>g{Q) = g*{Q) as explained 
earlier, so that amounts to a family of isomorphisms of torsors Co{Q)^Co{g^Q) 
which satisfy a transitivity condition. If now Q is an equivcariant object of C, then 
this family of isomorphisms makes Co{Q) into an equivariant n]^^-torsor. 

Then a curving V G Co{P) h-* -^(V) is G-equivariant if and only if and only 
if the relative 2-forms i^(V) and K{(j)^'V) coincide, for any object P of [dt^jt/ and 
for any V G Co{P). 
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